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SUMMARY 
A f t e r  b r i e f l y  r e v i e w i n g  t h e  h i s t o r y  o f  h e t e r o d y n e  d e t e c t i o n  f r o m  t h e  
r ad iowave  to  the  op t i ca l  r eg ions  o f  t he  e l ec t romagne t i c  spec t rum,  w e  f o c u s  o n  
t h e  submillimeter/far-infrared b y  i n v e s t i g a t i n g  t h e  t r a n s i t i o n  f r o m  electr ic-  
f i e l d  t o  p h o t o n - a b s o r p t i o n  d e t e c t i o n  i n  a simple  system. The response   o f   an  
i s o l a t e d  t w o - l e v e l  d e t e c t o r  t o  a c o h e r e n t  s o u r c e  o f  i n c i d e n t  r a d i a t i o n  is 
ca l cu la t ed  fo r  bo th  he t e rodyne  and  v ideo  de tec t ion .  When t h e  p r o c e s s e s  o f  
pho ton  abso rp t ion  and  pho ton  emiss ion  canno t  be  d i s t ingu i shed ,  t he  r e l a t ive  
d e t e c t e d  power a t  double- and sum-frequencies i s  found  to  be  mul t ip l i ed  by  
a coe f f i c i en t ,  wh ich  is  less than  or  equal  to  uni ty ,  and  which  depends  on  the  
inc iden t  pho ton  ene rgy  and  on  the  e f f ec t ive  t empera tu re  o f  t he  sys t em.  
INTRODUCTION 
He te rodyne  de tec t ion  has  a l o n g  a n d  a u g u s t  h i s t o r y  i n  t h e  a n n a l s  o f  
e l e c t r i c a l  e n g i n e e r i n g ,  r e a c h i n g  b a c k  t o  t h e  ear l ies t  y e a r s  o f  t h e  c e n t u r y .  
The term h a s  i t s  roo t s  i n  the  Greekwords  "he te ros"  (o the r )  and  "dynamis" 
( f o r c e ) .  
I n  1902 ,  Reginald Fessenden w a s  awarded a p a t e n t  (1) " r e l a t i n g  t o  c e r t a i n  
improvements ... i n  s y s t e m s  w h e r e  t h e  s i g n a l  is t r ansmi t t ed  by  [ r ad io lwaves  
d i f f e r i n g  i n  p e r i o d ,  a n d  t o  t h e  g e n e r a t i o n  o f  b e a t s  by t h e  waves and  the  
employment  of s u i t a b l e  r e c e i v i n g  a p p a r a t u s  r e s p o n s i v e  o n l y  t o  t h e  c o m b i n e d  
a c t i o n  o f  waves  corresponding i n   p e r i o d   t o   t h o s e   g e n e r a t e d  . . . . I 1  The 
s u b s e q u e n t  r e a l i z a t i o n  t h a t  o n e  o f  t h e s e  waves cou ld  be  loca l ly  gene ra t ed  
( t h e  d e v e l o p m e n t  o f  t h e  l o c a l  o s c i l l a t o r )  p r o v i d e d  a subs tan t ia l  improvement  
in   sys tem  per formance .   Prac t ica l   demonst ra t ions   o f   the   usefu lness   o f   the  
technique  were c a r r i e d  o u t  b e t w e e n  t h e  " F e s s e n d e n  s t a t i o n s "  o f  t h e  U.S. Navy 
a t  A r l i n g t o n  ( V i r g i n i a )  a n d  t h e  S c o u t  C r u i s e r  Sa lem,  be tween  the  Sa lem and 
t h e  Birmingham  (1910) , and a t  t h e  N a t i o n a l  E lec t r ic  S i g n a l i n g  Company. I n  
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1913,  John Hogan provided a thoroughly enjoyable  account  of  the development ,  
u s e ,  a n d  p e r f o r m a n c e  o f  t h e  F e s s e n d e n  h e t e r o d y n e  s i g n a l i n g  s y s t e m  i n  t h e  f i r s t  
volume of  the Proceedings of  the I R E  ( 2 ) .  
It  w a s  n o t  l o n g  t h e r e a f t e r ,  i n  1 9 1 7 ,  t h a t  Edwin H. Armstrong of  the 
Depar tment  of  Elec t r ica l  Engineer ing  a t  Columbia U n i v e r s i t y  c a r r i e d  o u t  a 
tho rough  inves t iga t ion  o f  t he  he t e rodyne  phenomenon o c c u r r i n g   i n   t h e   o s c i l l a t i n g  
s t a t e  of t h e   ' ' r e g e n e r a t i v e   e l e c t r o n   r e l a y  ' I  ( 3 ) .  A major   b reak th rough   i n   t he  
f i e ld ,  t he  deve lopmen t  o f  t he  supe rhe te rodyne  r ece ive r ,  w a s  achieved by 
Armstrong i n  1 9 2 1  ( 4 ) ,  a n d  t h i s  famous i n v e n t i o n  i s  now used i n  s y s t e m s  as 
d iverse  as household AM r a d i o  r e c e i v e r s  and  microwave  Doppler  radars. The 
p re f ix  " supe r"  r e fe r s  t o  " the  supe r -aud ib le  f r equency  tha t  cou ld  be  r ead i ly  
amp1 i f   i e d "  . 
I n  t h e  s u c c e e d i n g  y e a r s ,  t h e  a p p l i c a t i o n  o f  h e t e r o d y n e a n d  s u p e r h e t e r o d y n e  
p r i n c i p l e s  f o l l o w e d  t h e  i n c e s s a n t  march toward higher  f requencies  that  
cu lmina ted  in  the  r emarkab le  deve lopmen t s  i n  mic rowave  e l ec t ron ic s  abou t  t he  
t i m e  of World War 11. 
The m a r r i a g e  o f  h e t e r o d y n i n g  a n d  t h e  o p t i c a l  r e g i o n  t o o k  p l a c e  i n  1 9 5 5 .  
I n  a now classic  expe r imen t ,  Fo r re s t e r ,  Gudmundsen,  and Johnson  (5)  observed 
the  mixing  of  two Zeeman components  of a v i s i b l e  ( i n c o h e r e n t )  s p e c t r a l  l i n e  
i n  a spec ia l ly   cons t ruc ted   photomul t ip l ie r   tube .   Wi th   the   deve lopment   o f   the  
l aser ,  o p t i c a l  h e t e r o d y n i n g  became cons ide rab ly  easier to  obse rve  and w a s  
s t u d i e d  i n  1 9 6 2  by  Javan,   Bal l ik ,   and Bond (6) a t  1 .15  u m  us ing  a He-Ne laser, 
and  by  McMurtry  and  Siegman (7)  a t  6943 1 us ing  a ruby laser. 
The development of new t r ansmi t t i ng  and  r ece iv ing  componen t s  i n  the  
midd le  in f r a red  r eg ion  o f  t he  e l ec t romagne t i c  spec t rum l ed  Te ich ,  Keyes ,  and  
Kingston (8) in  1966  to  pe r fo rm a heterodyneexperiment  using a C02 laser a t  
10.6 u m  i n  c o n j u n c t i o n  w i t h  a copper-doped germanium photoconductive detector 
ope ra t ed  a t  4 O K .  S u b s e q u e n t  e x p e r i m e n t s  w i t h  l e a d - t i n  s e l e n i d e  p h o t o v o l t a i c  
de t ec to r s  conf i rmed  the  op t ima l  na tu re  o f  t he  de t ec t ion  p rocess  (9 ) - (11 ) .  
The s t a t e  of t h e  a r t  i n  a p p l y i n g  t h e s e  r e s u l t s  t o  c o h e r e n t  i n f r a r e d  r a d a r  w a s  
reviewed by K i n g s t o n  i n  1977  (12). Elbaum and  Teich ( 1 3 )  have   r ecen t ly  
shown the  impor tance  of  proper ly  choos ing  the  per formance  measure  for  a 
he t e rodyne   sys t em.   Th i s   can   somet imes   be   c r i t i ca l   t o   avo id   f au l ty  estimates 
o f  s i g n a l  a n d  n o i s e  l e v e l s  l e a d i n g  t o  i n c o n s i s t e n t  o r  i n c o r r e c t  r e s u l t s ,  as 
poin ted  out  by a number  of a u t h o r s  (8 ) ,  ( 1 4 ) .  
The fo rego ing   d i scuss ion   has   dea l t   w i th   more -o r - l e s s   i dea l i zed   sys t ems ;  
i t  m u s t  b e  k e p t  i n  mind t h a t  t h e r e  a re  a v a r i e t y  o f  e f f e c t s  t h a t  c a n  a l t e r  
heterodyne  performance  in  important  ways.  Two examples were r ead i ly  p rov ided  a t  
th i s   con fe rence :   Cha r l e s  Townes d iscussed   a tmospher ic   per turba t ions   o f   phase  
cohe rence  in  l a rge  d i ame te r  he t e rodyne  r ece ive r s ,  and M. J .  Mumma and T.  Kost iuk 
d i s c u s s e d  t h e  e f f e c t s  of v a r i o u s  s o u r c e s  of n o i s e  on system performance. 
F i n a l l y ,  w e  p o i n t  o u t  t h a t  a number of  sys tem conf igura t ions  employing  
d i f f e ren t  fo rms  o f  non l inea r  he t e rodyne  de tec t ion  have  been  p roposed  fo r  
va r ious   app l i ca t ions   (15 ) ,   (16 ) .   These  make u s e  of m u l t i p l e   f r e q u e n c i e s ,  
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n o n l i n e a r   d e t e c t o r s ,   a n d / o r   c o r r e l a t i o n   s c h e m e s .  A l l  are aimed a t  i n c r e a s i n g  
t h e  s i g n a l - t o - n o i s e  r a t i o  i n  s i t u a t i o n s  f o r  w h i c h  u s u a l  o p e r a t i n g  c o n d i t i o n s  
are r e l a x e d  i n  p a r t i c u l a r  ways. One of   these  schemes  (17) ,   (15) ,   us ing a two- 
f r equency  t r ansmi t t e r ,  is  c u r r e n t l y  u n d e r  c o n s i d e r a t i o n  f o r  p o s s i b l e  a p p l i c a t i o n  
in  ove r -wa te r  p i lo t  r e scue  mis s ions  where  the  use  o f  a light-chopping mechanism 
is  i n t e r d i c t e d  b e c a u s e  of i t s  in t e r rup t ive  na tu re  (p r iva t e  communica t ion  wi th  
W. Tanaka, Naval Weapons Center ) .  
I n  t h e  f o l l o w i n g  s e c t i o n ,  w e  relax the  a s sumpt ion  tha t  he t e rodyne  de tec t ion  
t a k e s  p l a c e  by  means of  photon absorpt ion,  as i t  does i n  t h e  m i d d l e  i n f r a r e d  
a n d  o p t i c a l  r e g i o n s  ( 1 8 ) ,  ( 1 9 ) ,  o r  by  means o f  e l e c t r i c - f i e l d  d e t e c t i o n ,  as i t  
does  in  the  rad iowave  and  microwave  reg ions .  This  w i l l  enab le  us to examine 
the  he t e rodyne  de tec t ion  p rocess  i n  t h e  submillimeter/far-infrared r e g i o n  o f  
t h e  s p e c t r u m  i n  a s imple  way. The r eade r  is c a u t i o n e d  t h a t  t h e  t r e a t m e n t  is 
h e u r i s t i c  i n  n a t u r e ,  a n d  is only  in tended  to  provide  a q u a l i t a t i v e  d e s c r i p t i o n  
of t he  unde r ly ing  de tec t ion  p rocess .  
TRANSITION FROM ELECTRIC-FIELD TO PHOTON-ABSORPTION DETECTION I N  A 
SIMPLE SYSTEM 
The increas ing  impor tance  of h e t e r o d v n i m  a n d  e l e c t r i c - f i e l d  d e t e c t i o n  i n  
the   submi l l ime te r ,   i n f r a red ,  and opt ica l   (201 ,   (21)   has   encouraged  us to  examine 
t h e  o p e r a t i o n  o f  s u c h  s y s t e m s  i n  r e l a t i o n  t o  t h e  more conventional photon- 
abso rp t ion   de t ec to r   (22 ) - (24 ) .  
Fo r  he t e rodyne  mix ing  wi th  cohe ren t  s igna l s  i n  a two- l eve l  de t ec to r ,  a 
s imple   a rgument   ind ica tes   tha t   double-   and   sum-f requency   te rms   in   the  
de t ec t ed  power a re  m u l t i p l i e d  b y  t h e  f a c t o r  s e c h ( h v / 2 k T e ) ,  w h i c h  v a r i e s  s m o t h l y  
f r o m  u n i t y  i n  t h e  e l e c t r i c - f i e l d  d e t e c t i o n  r e g i m e  t o  z e r o  i n  t h e  p h o t o n -  
absorp t ion   de tec t ion   reg ime.   This   fac tor   depends  on bo th  the  inc iden t  pho ton  
energy hv  and on the  e f f ec t ive  exc i t a t ion  ene rgy  o f  t he  ( two- l eve l )  de t ec to r ,  
kTe. I t  is o b s e r v e d  t h a t  t h e s e  terms only  appear  when i t  cannot   be  determined 
whether   photon  absorpt ion  or   photon  emission  has   taken  place.   Difference-  
f requency  s igna ls ,  on  the  o ther  hand ,  arise f r o m  o u r  i n a b i l i t y  t o  d e t e r m i n e  
from which beam a photon is  a b s o r b e d  i n  a heterodyne experiment  (18) ,  (19) .  
We cons ider  a s imple  hypo the t i ca l  two- l eve l  sys t em wi th  an  e f f ec t ive  
temperature  Te. It  i s  assumed t h a t  t h e  s y s t e m  r e s p o n d s  l i n e a r l y  t o  t h e  i n c i d e n t  
r a d i a t i o n  i n t e n s i t y ,  a n d  t h a t  i ts  i n t e r a c t i o n  w i t h  t h e  f i e l d  i s  s u f f i c i e n t l y  
weak s u c h  t h a t  t h e  s t a t e  of t h e  f i e l d  is no t  pe r tu rbed  by  the  p re sence  o f  t he  
d e t e c t o r .  
We l a b e l  t h e  i n i t i a l  and f i n a l  s ta tes  of t he  sys t em as la) and I L ? }  and 
o f  t h e  r a d i a t i o n  f i e l d  as li) and I f ) ,  r e s p e c t i v e l y .   F o r   a n   e l e c t r i c - d i p o l e  
t r a n s i t i o n ,  t h e  t r a n s i t i o n  p r o b a b i l i t y  W f i  (which is r e l a t e d  t o  t h e  d e t e c t e d  
power) is  given  approximately  by 
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where e is t h e  e l e c t r o n i c  c h a r g e ,  q is t h e  d e t e c t o r  c o o r d i n a t e ,  a n d  E+ and E- 
are t h e  p o s i t i v e -  a n d  n e g a t i v e - p o r t i o n s  of  t h e  e l e c t r i c - f i e l d  o p e r a t o r ,  
r e s p e c t i v e l y .  S i n c e  E+ c o r r e s p o n d s  t o  p h o t o n  a b s o r p t i o n  o r  a n n i h i l a t i o n ,  a n d  
E- c o r r e s p o n d s  t o  p h o t o n  e m i s s i o n  o r  c r e a t i o n ,  t h e  t r a n s i t i o n  p r o b a b i l i t y  may 
b e   w r i t t e n  as 
W f i  = (<fuIeqagE + / a i )  + {f&IeqauE-(u i ) (  2 , (2) 
where I E} and Iu} represent  the  lower  and  upper  states of  the two-level  system, 
r e s p e c t i v e l y .   T h i s   e q u a t i o n   a s s u m e s   t h a t   t h e   a t o m i c   s y s t e m  is, i n  g e n e r a l ,  i n  
a s u p e r p o s i t i o n  state.  Us ing  mic roscop ic  r eve r s ib i l i t y ,  t he  quan t i ty  I<u leq lR>I  2 , 
which   represents   the   quantum  e f f ic iency  K, may b e  f a c t o r e d  o u t  of  Eq. ( 2 ) .  We 
then  sum o v e r  t h e  f i n a l  states o f  t he  f i e ld  (23 ) ,  wh ich  are no t  obse rved ,  t o  
o b t a i n  
+ (i I aR*aUE-E- + aRaU*E E I i) - + +  
The n o r m a l l y  o r d e r e d  f i r s t  term cor re sponds  to  s t imu la t ed  abso rp t ion ,  t he  
an t inormal ly  ordered  second term corresponds  to  photon  emiss ion  (25) ,  and  the  
t h i r d  is a n  i n t e r f e r e n c e  term. 
We now a s s u m e  t h a t  b e f o r e  t h e  i n t e r a c t i o n ,  t h e  p r o b a b i l i t y  a m p l i t u d e s  o f  
t h e  two p o s s i b l e  states, a g  and a,, were r e l a t e d  by the  Bol tzmann fac tor ,  wi th  
lower  and  upper  leve l  energ ies  represented  by  ER and E,, r e spec t ive ly ,  and  
w i t h  e x c i t a t i o n  e n e r g y  kTe d e f i n i n g  t h e  e f f e c t i v e  t e m p e r a t u r e  o f  t h e  d e t e c t o r .  
Thus , 
y i e l d i n g  
a = ( 1  + e-X> e -1/2 i@ R 
and 
wi th  x hv/kTe  and eie, ei@ r e p r e s e n t i n g   p h a s e   f a c t o r s .  Then, g e n e r a l i z i n g  
t o  a n  a r b i t r a r y  r a d i a t i o n  f i e l d  r e p r e s e n t e d  by t h e  d e n s i t y  o p e r a t o r  p ,  w e  
c a v a l i e r l y  o b t a i n  t h e  e x p r e s s i o n  
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C o n s i d e r i n g  i d e a l  h e t e r o d y n e  d e t e c t i o n ,  i.e. , two para l le l ,  monochromat ic ,  
and coherent  waves of  f requencies  VI and v2 impinging normally on the detector ,  
and neglect ing spontaneous emission so t ha t  t he  an t ino rma l ly  o rde red  and  the  
normally ordered terms a re  e q u a l  i n  m a g n i t u d e  ( 2 5 ) ,  t h e  f i r s t  two terms above 
gene ra t e  dc  and  d i f f e rence - f r equency  s igna l s ,  wh i l e  t he  th i rd  t e r m  c o n t r i b u t e s  
double-  and  sum-frequency  signals.  This may b e  c l e a r l y  s e e n  b y  e x p l i c i t l y  
r e w r i t i n g  Eq. ( 7 )  as  
i- [sech(hv/2kT )] (IE,~ cos(4.rrv  t-2a-y) + I  ~~1 cos(4.rrv2t-2~-y) 0 2  0 2  e 1 
where ET =I  E ? \  eia r e p r e s e n t s  t h e  complex e l ec t r i c - f i e ld  ampl i tude  o f  t he  
c o n s t i t u e n t  f i e l d  w i t h  f r e q u e n c y  VI and  phase a. Double-  and  sum-frequency 
terms i n  t h e  h e t e r o d y n e  s i g n a l  a re  t h e r e f o r e  m u l t i p l i e d  by t h e  f a c t o r  
sech(hv/2kTe).  
For  hv/kTe + 0 ,  t h i s  f a c t o r  a p p r o a c h e s  1 a n d  t h e  c l a s s i c a l  e l e c t r i c -  
f i e l d  h e t e r o d y n e  s i g n a l  o b t a i n s  
For  hv/kTe + m, sech(hv/2kTe) -+ 0 and the  pho ton-abso rp t ion  (op t i ca l )  
h e t e r o d y n e   s i g n a l   o b t a i n s  (18), (19), 
A g r a p h i c a l  p r e s e n t a t i o n  o f  t h e  f u n c t i o n  s e c h ( h v / 2 k T e ) v s .  (hV/kTe) is provided 
i n  F i g .  1. 
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The r e s u l t  f o r  t h e  h e t e r o d y n e  case is e a s i l y  r e d u c e d  t o  t h e  d i r e c t  
d e t e c t i o n  ( v i d e o )  case f o r  a c o h e r e n t  s i g n a l  by s e t t i n g  / E ? ]  = 0,  w h i c h  y i e l d s  
‘d ir a I E ~ ~ ’ - P  0 7  + [sech(hv/2kTe)][cos(4av 1 t - 2a - y) ] f .  (11) 
Thus ,  doub le - f r equency  in t ens i ty  f luc tua t ions  are d i s c e r n e d  f o r  e l e c t r i c -  
f i e l d  d i r e c t  d e t e c t o r s ,  w h i l e  t h e y  are  suppres sed  fo r  pho ton-abso rp t ion  d i r ec t  
de tec tors  which  respond s imply  a s  / . E ? /  ’. 
CONCLUSION 
The photon-absorp t ion  de tec tor  is ,  b y  d e f i n i t i o n ,  i n i t i a l l y  i n  i ts  ground 
s t a t e  and  func t ions  by  the  ann ih i l a t ion  o f  a s i n g l e  ( i n  g e n e r a l  nonmono- 
chromatic)   photon  (18) .  The p resence   o f   t he   d i f f e rence - f r equency   s igna l  i s  
unders tood  to  ar ise  f rom our  inabi l i ty  to  de te rmine  f rom which  of  the  two 
c o n s t i t u e n t  beams t h e   s i n g l e   p h o t o n  is absorbed (19) .  The two-level electric- 
f i e l d  d e t e c t o r ,  on t h e  o t h e r  h a n d ,  h a s  e q u a l  p r o b a b i l i t y  of b e i n g  i n  t h e  l o w e r  
and i n  t h e  u p p e r  state,  so t h a t  t h e  p u r e  p r o c e s s e s  of p h o t o n  a n n i h i l a t i o n  
and  photon  absorp t ion  occur  wi th  equal  l ike l ihood,  and  w e  mus t  add  the  e f f ec t s  
of bo th .  When w e  are unable  to  de te rmine  which  of  these  processes  is occur- 
r i n g ,  w e  must  add  ampl i tudes  ra ther  than  squares  of  ampl i tudes ,  thereby  a l lowing  
i n t e r f e r e n c e  t o , o c c u r .  Any a t t e m p t ,  i n  t h i s  case, to   determine  whether   photon 
emission or  photon absorpt ion takes  place would randomize the phase y ,  and 
the reby  wash  ou t  t he  sum- and  double-frequency  components.   In  general ,   then, 
a photon incident  on a v ideo  de tec to r  i nduces  upward  and downward t r a n s i t i o n s  
w i t h   d i f f e r e n t   p r o b a b i l i t i e s .   T h i s ,   i n   t u r n ,  creates a quantum-mechanical 
p r o b a b i l i t y  d e n s i t y  ( a n d  c h a r g e  d i s t r i b u t i o n )  t h a t  v a r i e s  i n  time, producing 
a c u r r e n t  a t  t h e  i n c i d e n t  r a d i a t i o n  f r e q u e n c y .  The  power absorbed  then 
c o n t a i n s  a doub le - f r equency   s igna l .   Fo r   he t e rodyne   de t ec t ion ,   i n   t he   gene ra l  
case,  sum-frequency s ignals  a r e  observed as w e l l .  
The f o r e g o i n g  h e u r i s t i c  model y i e l d s  a s i m p l e  r e s u l t  f o r  a n  i d e a l i z e d  
two- l eve l  sys t em.  Rep lac ing  the  ope ra to r  eq  by  the  non- re l a t iv i s t i c  Hami l ton ian  
(6 - &)’/2m, where  and fl  r e p r e s e n t   t h e  momentum and   vec to r -po ten t i a l  
o p e r a t o r s ,  r e s p e c t i v e l y ,  w o u l d  a l l o w  t r a n s i t i o n s  more g e n e r a l  t h a n  e l e c t r i c -  
d ipo le ,   and   abso rp t ions  of  ‘more than  one  quantum,  to  occur.  A r i g o r o u s  
t r ea tmen t  shou ld  cons ide r  a co l lec t ion  of  such  sys tems (as  a model f o r  a bu lk  
p h o t o d e t e c t o r  o r  metal a n t e n n a ) ,  i n  t h e  p r e s e n c e  o f  a sur rounding  reservoi r ,  and  
shou ld  be  ca r r i ed  ou t  u s ing  the  dens i ty  ma t r ix  fo rma l i sm.  I t  i s  expected 
t h a t  t h e  e f f e c t s  d e s c r i b e d  h e r e  are i m p o r t a n t  i n  a broad range of systems, 
i nc lud ing  the  Josephson  de tec to r  (26), (27 ) .  
Tucker  (28)  has  recent ly  car r ied  out  a r i g o r o u s  a n a l y s i s  of  quantum- 
l i m i t e d  d e t e c t i o n  i n  t u n n e l  j u n c t i o n  m i x e r s .  H e  demons t r a t e s   t ha t   non l inea r  
t unne l ing  dev ices  are predic ted  to  undergo  a t r a n s i t i o n .  f r o m  e n e r g y  d e t e c t o r s  
to  photon  counters  a t  frequencies  where the photon energy becomes comparable  
t o  t h e  v o l t a g e  scale o f  t h e  d c  n o n l i n e a r i t y .  It is a p p a r e n t  t h a t  t h e  
c h a r a c t e r  o f  t h i s  r e s u l t  is c l o s e l y  r e l a t e d  t o  t h e  d i s c u s s i o n  p r e s e n t e d  h e r e .  
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Figure 1.- Factor  sech  (hv/2kT) vs. hv/kT. This quantity  appears  as a 
coefficient  in the absorption/emission interference  term. 
10 
